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Introduction and known results
We determine here the structure of all finite nonabelian 2-groups in which any two noncommuting elements generate a subgroup of maximal class. More precisely, we prove the following result. Theorem 1.1. Let G be a finite nonabelian 2-group in which any two noncommuting elements generate a subgroup of maximal class. Then one of the following holds: (a) |G : H 2 (G)| = 2 and H 2 (G) is noncyclic (i.e., G is quasidihedral but not dihedral); (b) G = HZ(G), where H is of maximal class and 1 (Z(G)) ≤ Z(H); (c) G = HZ(G), where H is extraspecial of order ≥ 2 5 and 1 (Z(G)) ≤ Z(H).
Conversely, each group in (a), (b) and (c) satisfies the assumption of the theorem.
We consider here only finite p-groups and our notation is standard. In particular, a 2-group S is quasidihedral if S has an abelian subgroup T of exponent > 2 so that |S : T | = 2 and there is an involution in S − T which inverts each element in T . It turns out that T is a characteristic subgroup of S.
We state three known results which are used in the proof of Theorem 1.1. [2] ). Let G be a nonabelian 2-group all of whose cyclic subgroups of composite order are normal in G. Then we have either |G : H 2 (G)| = 2 (and then G is quasidihedral) or |G | = 2 and the Frattini subgroup Φ(G) is cyclic. From Proposition 1.4 follows at once that if G = a, b is a 2-group of maximal class, then at least one of a and b is of order ≤ 4 and G possesses exactly one involution z (where z = Z(G)) which is a square in G. We shall use freely this remark in the proof of Theorem 1.1.
Proof of Theorem 1.1
Let G be a nonabelian 2-group in which any two noncommuting elements generate a subgroup of maximal class. We may assume that G is not of maximal class.
(i) First we assume that exp(G) > 4. Suppose for a moment that each element of order ≥ 8 lies in Z(G). Let x, y ∈ G with [x, y] = 1. Since x, y is of maximal class, we have in our case x, y ∼ = D 8 or x, y ∼ = Q 8 . Let k be an element of order 8 so that here k ∈ Z(G). But then kx and ky are elements of order 8 with [kx, ky] = [x, y] = 1 and therefore kx, ky is of maximal class, a contradiction. We have proved that G possesses a cyclic subgroup A of order ≥ 8 such that A ≤ Z(G).
It is easy to see that any cyclic subgroup X of order ≥ 8 is normal in G. Indeed, let g ∈ G so that g either centralizes X or X, g is of maximal class in which case g normalizes X.
Let y ∈ G be such that [A, y] = 1 and so A, y is of maximal class. Then A, y contains a subgroup of maximal class B, y of order 2 4 , where If all elements in G − M are involutions, then H 2 (G) = M and we have obtained a group in part (a) of our theorem.
We may assume that not all elements in G − M are involutions and so we may suppose y 2 = z. Let t be any involution in M − z and assume that t is a square in M , i.e., there is k ∈ M such that k 2 = t. Since k y = k −1 z ( = 0, 1), y, k is nonabelian. In that case y, k is of maximal class containing two distinct involutions z and t which are squares in y, k , a contradiction. We have proved that M is abelian of type (2 s , 2, ..., 2), s ≥ 3.
s , |E| ≥ 4, and
, y is of maximal class and G = HE. For each t ∈ E, we have either t y = t or t y = tz. If y centralizes E, then E = Z(G). If y does not centralize E, then E 0 = C E (y) is of index 2 in E. Let v be an element of order 4 in b and let u ∈ E − E 0 . In that case (vu) y = v −1 (uz) = (vz)(uz) = vu and (vu) 2 = z, and so Z(G) = E 0 vu with 1 (Z(G)) = z . In any case we get G = HZ(G), Z(G) > Z(H) = z , and 1 (Z(G)) ≤ z . We have obtained a group in part (b) of our theorem.
(ii) We examine now the case exp(G) = 4. Let x be a cyclic subgroup of order 4 and y ∈ G. Then either [x, y] = 1 or x, y ∼ = D 8 or Q 8 . In any case y normalizes x and so each cyclic subgroup of order 4 is normal in G. We may use Proposition 1.3. It follows that either |G : H 2 (G)| = 2 (and we get a group of part (a) of our theorem) or |G | = 2 and Φ(G) is cyclic.
Suppose that we are in the second case. Since G does not possess elements of order 8, we have |Φ(G)| = 2 and then Φ(G) = G . The fact |G | = 2 implies
If n = 1, we have obtained a group of part (b) of our theorem and so we may assume that n > 1. In that case |H| ≥ 2 5 and we have obtained a group of part (c) of our theorem.
It is necessary to prove only for groups (b) and (c) of our theorem that any two noncommuting elements generate a group of maximal class. Indeed, let h 1 z 1 and h 2 z 2 be any noncommuting elements in G, where h 1 , h 2 ∈ H and z 1 , z 2 ∈ Z(G). 
